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Abstract— A legged robot needs to move in unstructured
environments continuously subject to disturbances. Existing
disturbance observers are not enough when significant forces
act on both the center of mass and the robot’s legs, and they
usually employ indirect measures of the floating base’s velocity.
This paper presents a solution combining a momentum-based
observer for the angular term and an acceleration-based ob-
server for the translational one, employing directly measurable
values from the sensors. Due to this combination, we define
this observer as “hybrid,” and it can detect disturbances
acting on both the legged robot’s center of mass and its legs.
The estimation is employed in a whole-body controller. The
framework is tested in simulation on a quadruped robot subject
to significant disturbances, and it is compared with existing
observer-based techniques.

I. INTRODUCTION

Legged robots can navigate through challenging terrains
for tasks such as inspection or search and rescue, thanks
to their capabilities of adapting the footstep and overcoming
obstacles. Significant advances were made in realizing highly
dynamic gaits on real hardware. In particular, biped robots
have generated quite an interest, given the inherent instability
of their structure. The similitude between a biped and a
quadruped robot during highly dynamic gait (e.g., trot, pace,
gallop) led to exploit some approaches developed for biped
robots to realize quadrupedal locomotion [1], [2].

The most used approach for legged robots combines
inverse dynamics and operational-space control. The desired
motion is computed for a relevant point of the structure, such
as the center of mass (CoM) [3], [4]. Another methodology
employs a zero moment point (ZMP) strategy that allows to
obtain a modulation of the ground reaction forces adapting
the step to the soil during the walking [5], [6]. However,
the ability to retain the balance when subject to disturbances
remains an open challenge for legged robots in unstructured
environments. Different solutions were proposed to reject
disturbances during locomotion. Some studies focused on the
external wrench of an anticipated touchdown caused by the
terrain’s irregularity [7], performing an impedance control to
obtain a compliant behavior during the impact phase [8].

A widely used approach to cope with external forces is
to use an observer. Some disturbance observers were used
to detect the anticipated touchdown [9]. In most cases, the
observer takes into account only the forces acting on the

The research leading to these results has been supported by the PRINBOT
project, in the frame of the PRIN 2017 research program, grant number
20172HHNKS5.002.

The authors are with the PRISMA Lab, Department of Engi-
neering and Information Technology, University of Naples Federico
II, Via Claudio 21, Naples, 80125, Italy {viviana.morlando,
fabio.ruggiero}@unina.it

Fig. 1. DogBot, the platform used for simulations. The reference frames
for the robot are shown. Ground reaction forces need to stay in the cones.

CoM, and it is integrated into a framework based on the
centroidal’s dynamics [10], [11], assuming no external forces
on swing legs [12], [13]. Using an observer for external
wrenches acting only on the CoM robustify the locomotion,
but it does not prevent the robot from falling after a severe
impact on swing legs. For this reason, a momentum-based
observer estimating the disturbances acting on both swing
and stance legs was presented in [14]. However, the observer
deploys the leg’s dynamics, neglecting the CoM’s ones.
This approximation might be crucial whenever the robot is
stressed by major forces acting directly on the CoM.

Usually, a momentum-based observer estimating the exter-
nal wrench acting on the CoM [11], [10], requires the CoM’s
translational velocity knowledge. Such a velocity is indirectly
obtained through the transformation presented in [15] and not
directly from a sensor. An inertial measurement unit (IMU) is
typically mounted on moving robots such as legged, aerial,
or wheeled ones. This sensor provides the floating base’s
angular velocity and translational acceleration, leaving the
translational velocity to a numerical estimation. For a legged
robot, using the centroidal’s dynamics, there is the need to
(i) compute the floating base’s translational velocity and (%)
transform this quantity into the CoM’s translational velocity.
These computations, alongside the approximation made to
obtain the centroidal’s dynamics, can bring significant mis-
takes in estimating the external wrench.

For this reason, this paper proposes a novel estimator,
inspired by [16], that comprises three different components.
Namely, the first component deals with the CoM’s trans-
lational part; the second component copes with the CoM’s
angular part; the third component regards the legs. This last
exploit what presented in [14], dealing with disturbances
applied to both swing and stance legs. The first and sec-
ond components are instead designed adopting a hybrid
observer, that comprises a momentum-based observer for the



CoM’s angular term and an acceleration-based observer for
the translational one, employing directly measurable values
from the IMU. Therefore, here, with hybrid, it is intended
the combination of two different kinds of observers, the
momentum-based and the acceleration-based. Tracking the
desired CoM’s trajectory is preserved as the rejection of a
foot’s drift. The control architecture is different from existing
approaches, which can guarantee either the CoM’s tracking
or the drift’s rejection only. The observer is integrated into
a whole-body controller.

II. DYNAMIC MODEL AND DISTURBANCE OBSERVER

It is recommended to read [14] as a pre-requisite for a
better comprehension of the mathematical part here provided.

A. Model formulation

Legged robots are usually modelled as a free-floating base
with some legs attached. Let BB be the frame whose position
is attached to the robot’s CoM and whose orientation is
the one of a fixed frame on the main body, and let W
be the fixed world frame (Fig. [T), respectively. The free-
floating base is modelled through 6 virtual joints giving 6
degrees of freedom (DoFs) with respect to VW. Moreover,
n; > 2 legs are attached to the floating base, giving other
nn; DoFs to the structure, with n > 0 joints for each
leg. Let zcom [.I'c Ye ZC]T € Rg’ Teom € R37
and Fcom € R? be the position, velocity, and acceleration
of the frame B’s origin with respect to W, respectively.
Besides, let weor, € R? and Weom € R? be the angular
velocity and the angular acceleration of B with respect to
W, respectively. The orientation of 3 with respect to W is
expressed by the rotation matrix R, € SO(3), from which
it can be extracted the set of ZYX Euler angles ¢ € R®.
Finally, indicate with ¢ € R™™ the vector collecting the
legs’ joints. The dynamic model of a legged robot can
be formulated in terms of the global CoM through the
transformation introduced in [15]. A decoupled structure for
the dynamic model is obtained [14], [17], [18] through this
transformation, and assuming that the main’s body angular
motion is slow. Considering that M,  is the inertia matrix
related to the main’s body angular motion, through this last
assumption, % (Mcom,awcom) = Mcom,awcom holds, mean-
ing that the effect of precession and nutation of the rotating
body are discarded [18]. The inertia matrix is M(q) =

Mcom,l(q) 03><3 OSXnm
03><3 Mcom,a(Q) OSXnnl S R(6+nnl)><(6+nnl);
OnmXS Onm><3 MQ(q)
the vector accounting for Coriolis, centripetal, and
. . Og
ravitational forces is h(q,v) = x(Otnm) |, 4
g (q ) C’q(q,v)
[Omg}’ with C,(q,v) € Rux6+nm)  where v =
nng
[a'vzom wr qT]T € ROt s the stacked velocity;

m > 0 is the total mass of the robot, g = [g O3T]T € RS,
and go € R? the gravity vector; 0, and O, the zero vector

and matrix of proper dimensions. The resultant model is

M(q)0 + h(g,v) = STr + Jot (@) for + J(@) " fert
+S;£we,cv

(D

with S = [Onme Inn,] the selection matrix of the
actuated part; 7 € R™™ the joint actuation torques; f,r €
R37s¢ the ground reaction forces that can be obtained by
embedded sensors on robot’s feet, with 0 < ng < ny
the number of stance legs; f. € R the stacked vector
containing the resultant external force at the legs’ tips;
Sw = [I6><6 OGXnn,] the selection matrix of the un-

actuated part; we,. = [ (,T c TgC]T € RS the external
wrench acting directly on the CoM (it is assumed that the
external torques resulting at the legs’ tip are negligible);
Jst(q) = [Jst,com(q) Jst,j (q)] S R3n5,,><6+nnl and J(q) -
[Jeom(q) Jj(q)] € R3™>6+nm Jacobian matrices that are
defined in [14]. It can be noticed that the CoM’s dynamics
are included in the first six rows of @, decoupled from the
legs’ dynamics included in the other nn; rows. It should be
noticed that the resultant external forces at the legs’ tip, f.,
can be considered as contacts that dictates a net wrench on
the CoM, while the wrench directly applied to the CoM,
We, ¢, influences only the CoM’s dynamics.

B. Hybrid Observer

Given the decoupled structure of the legged robot’s dy-
namics , a hybrid observer is presented, where the forces
on the CoM and those on the legs are estimated separately.

1) Estimation for the CoM: Consider the angular cen-
troidal’s dynamics composed of the second set of three rows
in (I). The generalized angular momentum is expressed as

pP= Mcom,awcom- )

Then, taking into account (I, the time derivative of (2)
is p = J&comalor + Joomafe + Teer With Jst coma €
R37:¢%3 and Jeom,q € R3™3 the Jacobians whose transpose
map the ground reaction and the external forces into the
angular acceleration of the CoM, respectively. Without loss
of generality, from (I)), define 7. = Jg,mya fe+ Tee € R3
as the total external torques acting at the CoM, and 7. as
its estimation. The straightforward objective is to achieve
T. =~ T7.. Taking inspiration from [14], the design of the
estimator in the time domain is

Foll) = Ko (p<t> - (ulo) + Js;,wmyafgr)da) @

where K, € R3*3 is a positive definite gain matrix.
Moreover, it is assumed that p(0) = 0, meaning that the
estimator’s kick off should be prior to the robot control.
In this case only the angular velocity, available from the
IMU, is required. The estimator’s dynamics can be written
as 7;'C + Ko7, = K47, that represents a linear exponentially
stable system. To compute the translational component of the
wrench acting on the CoM, an acceleration-based observer
can be used employing the measurement of the translational



acceleration of the floating base given by the IMU. Consid-
ering the linear centroidal’s dynamics composed of the first
set of three rows in (], it can be obtained

Jeomafe + fec

with Jg; com. € R3t%3 and Joop,, € R3"%3 the Jacobians
whose transpose map the ground reaction and the external
forces into the linear acceleration of the CoM, respectively.
From (1)), consider f. = g}m,l fe+ fe.c € R? as the current
total external force at the CoM, and fc € R3 as the estimated
one. The following first-order stable filter can be applied

= Mcom,ljcom + mg — Jg:“,,com,lng7 (4)

t
M0=K/U%mﬂmﬁwwﬁ@mmm—ﬁmf@
0

to obtain the estimator’s dynamics fc + K| fc = K, f., where
K; € R3%3 is a positive definite gain matrix.

2) Estimation for the legs: For the disturbances acting on
the legs, the momentum-based observer presented in [14]
is employed, based on the last nn; rows of (I). Consider
fi = JJT fe € R™ as the effect at the joint torques
of the resultant force at the legs’ tips, and fj e R
as its estimation, respectively. The chosen second-order
estimator can be written as f;(t) = Ko fg(ffj(a) +
K1 (p3() = Jy(F5(0) + CRa+ 7+ J5 , fyr)dor ) o,
with K, Ko; € ROmMX(m) pogitive definite gain
matrices. Further details related to this observer can be

found in [14]. Recalling the external forces at the legs’ tips
fe, its estimation f. € R3" can be retrieved through

A T ~
fe=J7 1 (0)
Then, the full observer is composed by (@), (3), and (6).

III. WHOLE-BODY CONTROLLER

The estimator presented above, a motion planner, and an
optimization problem shape the designed controller.

A. Motion planning

The motion is continuously replanned so that the ZMP is
always maintained inside the support polygon [5]. From now
on, the position and the orientation of the frame B will be
stacked into 7. = [chom (bT]T € RS, while its velocity
and acceleration can be considered v = [@,,, w;F(,m]T €
RS and 0. = [EL,, wEom]T € RS. For each footstep,
the motion is split into two phases, replanning the desired
trajectory for the CoM at the beginning of each footstep,
with a period Ty, > 0. The motion planner computes the
reference ¢ ref, Ueref aNd Ve pef € RS for the CoM and
the reference Zgy des € R3(m—nst) for the swing feet as a

3—rd order splines. Further details in [14].

B. Quadratic problem

The wrench-based optimization problem used in this paper
is based on [14] with suitable modifications to include the

. . T T
hybrid estimator. Let ¢ = [07 ¢ fg.] € ROTmmtsna

be the chosen control variables. The addressed problem is
minigmize f(O (7N
subject to  A{ = b, (8)
D¢ <ec. )

Each term of the problem is detailed in the following.

1) Cost function: The cost function tracks the CoM’s
reference coming from the motion planner, reducing as
much as possible the control effort. To this aim, the desired
wrench at the robot’s CoM is computed using the first
six equations of and the references from the motion
Plannel‘, a8 Weom,des — Kp(rc,ref - Tc) + Kd(vc,ref -
Ve) + Mg + Meom (q)0c,ref, with K, K4 € R6*C positive
definite matrices. Let Weom = | fCT 71 ]T be the estimated
external wrench at the CoM, the cost function minimizing
the desired wrench and compensating for the disturbance can
be written as f(¢) = HJ;ft}wng — (Weom,des — wcom)HQ+
||CHR, with ¥ € R3neex(G+nmt3ns) 5 matrix select-
ing the last 3n, elements of ¢, Q@ € RY*6 and R €
R(6+nn143n:) X (6+n7m+3n50)  two symmetric and positive
definite matrices that can be used to specify the relative
weight between the components of the cost function, and
|| - || the quadratic form with proper matrix.

2) Equality constraints: Two equality constraints need to
be imposed. The first one regards the dynamic consistency,
employing the first six rows of () as follows

[Mcom (Q) OGXnnl _Jst,cmn (Q)T] C = —mg.

The second equality constraint maintains the contact of the
stance feet imposing their velocity equal to zero as Jg;(q)v =
0O3n,,, Whose time derivative is

(10)

J, st,jQ-
(11)
3) Inequality constraints: To avoid slipping, ground re-
action forces need to be constrained inside a friction cone
(Fig. [T), approximated as a pyramid to obtain linear con-
straints in the problem. Considering the ¢-th ground reaction
force f,.; € R3, with ¢ = 1,...,n4, and indicating with
n; € R the i-th normal vector, [y ;, 1> ; € R? two tangential
vectors related to the i-th contact with the ground, p > 0 the

friction coefficient, the constraints can be written as [19]

(li;— Mﬁi)ngr,i <0, —(h,;+ Mﬁi)ngr,i <0,
(loi — i)t fyri <0, — (lo + pig) " fyri <0,
For mechanical and safety reasons, constraints to limit the
joint torques need to be imposed. Being 7yin, Tinaz € R™™

the minimum and maximum torques, considering the last nn;
rows of (I), the constraints can be expressed as

[Jst,com Jst,j O3nst><3nst} C = _Jst,comvc -

12)

Tmin — Cq(qa v)q < [Onmx6 Mq(Q) _Jst,j(Q)T} (
S Tmax — Cq((L U)q
(13)

The last constraint allows the robot to follow the trajectory
planned for the swing feet. This constraint exploits the



Fig. 2. Scenario used for Case Study 1.

estimation of external forces from (6) acting on swing legs
fe,sw € Rg’("’*”sf). These disturbances can heavily affect
the respective foot’s motion, causing a drift. To compensate
for them, operational space formulation for swing feet is
employed, using the following command acceleration

jsu),c = *;E.sw,d + Kd,sw(isw,d - i’sw)"‘

S (14)
+Kp,sw(xsw,d - xsw) - szMc Pszfe,sw

with M, = PM + Igip,, — P and P € ROTmux6+nm

an orthogonal projection operator [14]. This constraint is
softened by adding slack variables 4 € R3(™—"st) within
the problem. The addressed inequality constraint is [14]

-7 jswU < [sz,com sz,j O3(m—nst)><3n8t] C <

Tsw,c

isw,c +v - sz”U.
(15)

4) Control torques: Given the result of the optimization
problem, the control torques can be computed using the last
nmy tows of (1) as T = M, (q)q + Cy(q,v)d — Jt;(0)” fyr-
considering that all the external forces have been compen-
sated for inside the quadratic problem.

IV. CASE STUDIES

A. Setup

Simulations have been carried out through the ROS mid-
dleware, in combination with the dynamic simulator Gazebo.
This choice has been made since Gazebo uses a high-
performance physics engine to make the movement and ex-
ternal conditions as realistic as possible. The quadruped used
for simulations in Gazebo is DogBot from React Robotics,
an open-source platform whose structure is shown in Fig. [T}
Details about the quadruped’s structure can be found in [14].
Force sensors have been added to the robot’s feet to obtain
ground reaction forces, the effect of their measures’ error
on the observer on the legs have been studied in [14]
All the simulations were performed on a standard personal
computer. The stance phase has been chosen to last 0.15 s,
while the swing phase lasts 0.115 s. Numerical integration
for dynamics is set in Gazebo as 6 ¢t = 0.001 s. The
torque control loop, the state estimation, and the momentum-
based observation have a frequency of 1 kHz, while the
optimization problem runs at a frequency of 400 Hz. In order
to test the whole-body control design, three case studies

—Observer on the CoM

0.015¢ —Observer on the CoM and Legs}
£ oot
_&
=

0.005

0
0 10 20 30 40 50
Time (s)
(@)
0.25
—Observer on the legs
02 —Observer on the CoM
: —Observer on the CoM and Legs

Hl,

|

AL e T Wt | e e R PA T R

0 5 10 15
Time (s)

(W)

il

Fig. 3. Case Study 1. Error on the xz—axis (a) and on the z—axis (b).

are considered in the following. The case studies can be
appreciated in the Videﬂ while the code is also availableﬁ

B. Case study 1

This case study aims to test the controller in a realistic
scenario, presented in Fig. 2] where some blocks with
different heights and friction coefficients have been added
to reproduce an irregular terrain. With reference to Fig.
the heights of the blocks are 0.015 m for the blue blocks,
0.035 m for the green ones, and 0.02 m for red blocks.
Instead, in Gazebo, the friction coefficients between the legs
and the blocks are set to 0.4, 0.6, 0.8, respectively, while 1
is the friction coefficient with the ground. To test robustness,
the friction coefficient inside the whole-body controller has
been chosen, in a conservative way, as 0.4. An object of
23 kg has been put on the robot’s torso for further stress.
It should be noticed that the objective of this case study
is not the object transportation but to test the capability of
the controller to handle such a disturbance. Combining an
irregular terrain with an object on the torso is a suitable
scenario for testing disturbances on both the CoM and the
legs. Here, the forward direction is along the x—axis, with
a velocity of 0.12 m/s. The controller here presented (CoM
and legs) is compared with the one in [14], which uses only
the estimation on the legs, and the controller employing
only the estimation on the CoM [20], thus without the
compensation of disturbances on swing legs implemented
in (T4). The results showed that this kind of stress is difficult
to handle using only the estimation on the legs. Indeed, it

Ihttps://youtu.be/wbtoAo3Y6Xc
Zhttps://github.com/prisma-lab/WBC-quadruped-DOB
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can be seen in Fig. [3b] that the error along the z—axis is one
order of magnitude higher than the error obtained when the
observation on the CoM is present. This is plausible since
the object impresses a significant disturbance on the CoM
that cannot be seen through the legs’ observer, making the
robot lower its torso and fall. Comparing the two controllers
addressing the estimation on the CoM, their errors on the
z—axis are similar, while on the z—axis the presented hybrid
estimator has better performances. This happens because the
presence of irregular terrains causes anticipated touchdowns
that can be better handled using observation on the legs.
Irregular terrain may thus unbalance the robot if it only uses
an observer on the CoM. The estimation of the wrench at
the CoM is reported in Fig. Ab] It can be seen that the most
critical estimation regards the force acting along the z—axis,
whose mean is —228.0635 N. This is given by the object’s
weight, which, given the gravity acceleration, imposes a
force of around —225.6300 N. The estimation demonstrates
to be valid enough to handle this force retaining the balance.

C. Case study 2

The second case study has been carried out considering
two random disturbances: the first acting on the CoM and the
second acting on a randomly chosen point of one of the legs.
Every four seconds, the force’s magnitude changes randomly
between 2.5 N and 40 N. The direction of the disturbance
forces is shown in the multimedia attachment. The forward
direction is along the y—axis, with a velocity of 0.12 m/s.
Furthermore, this case study has been tested in a non-ideal
situation by adding a white Gaussian noise on the joint torque
and the ground reaction forces measurements, emulating
sensors noise. The chosen standard deviation is 10% of the
measured signal. This case study aims to demonstrate the
validity of the proposed hybrid observer, acting on both the
CoM and the legs. The observer only on the CoM seems
unable to reject the disturbance acting on the legs, with a
significant drift of the foot that causes the fall. Further case
studies demonstrating the failure of this observer in similar
situations can be found in [14]. Instead, the observer only on
the legs seems to guarantee a good tracking of the planned
foothold. However, it cannot reject the disturbance on the
CoM with a consequent fall. Finally, using the presented
hybrid estimator, the robot can reject the disturbance on the
CoM and have good tracking of the planned foothold at the
same time. The approach results robust, with a maximum
error in the tracking of the CoM of 0.02 m, shown in Fig. @
The estimation of the magnitude acting on the CoM and the
rear right leg are presented in Figs. [6] and [7] In this way,
good tracking of the actual disturbances can be observed.

D. Case Study 3

This case study considers random disturbances as in the
previous one plus a parametric uncertainty of the total mass
known by the controller, changed by 30%. Besides, the
blocks already employed in case 1 are used to simulate an
irregular terrain. The capabilities of the controller are now
tested in a complex situation with (¢) high external forces
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Fig. 4. Case Study 1. Estimation of fc (a) and 7. (b).
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Fig. 5. Case Study 2. Error norm of the robot’s CoM using the proposed
controller.

stressing the robot and simulating impact with objects or
pushes; (i7) a rough terrain; (i4¢) parametric uncertainties.

From Fig. [§] the peaks of CoM’s error norm are higher
but always less than 0.025 m. However, this small error
increment may be caused by the parametric uncertainty and
the irregular terrain, which can still be handled anyway.

V. CONCLUSION

This paper presented a hybrid observer for a legged sys-
tem, acting both at the robot’s CoM and its legs. In contrast
with the existing literature, the well-established momentum-
based and acceleration-based observers were combined to
use only the measures directly available from sensors. Then,
the devised observer was integrated into a whole-body con-
troller, compensating for external forces acting on the CoM,
stance, and swing legs. The proposed approach was tested in
a realistic simulation environment through three case studies.
The controller allows the locomotion of a legged robot inside
a complex environment, where collisions could happen, but
also in case of parametric uncertainties.
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