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Abstract

This paper presents an estimator of external disturbances for legged robots, based on the system’s momentum. The
estimator, along with a suitable motion planner for the trajectory of the robot’s center of mass and an optimization
problem based on the modulation of ground reaction forces, devises a whole-body controller for the robot. The
designed solution is tested on a quadruped robot within a dynamic simulation environment. The quadruped is stressed
by external disturbances acting on stance and swing legs indifferently. The proposed approach is also evaluated
through a comparison with two state-of-the-art solutions.
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Supplementary Material

Video is available at: https://www.youtube.com/watch?v=styHnKx0ot8,
Code can be found at: https://github.com/prisma-lab/WBC_quadruped_DOB.

1. Introduction

The main advantage of legged robots is the capability to move through complicated and challenging terrains. Thus,
they are expected to start collaborating with humans in daily life tasks and being an essential resource in dangerous
situations like search and rescue after environmental disasters.

In recent years, research has focused on realizing highly dynamic gaits and improving the ability to maintain a
stable balance during the motion to recreate the natural movement of living beings. Despite the significant advances
made in motion planning and control methods, legged robots cannot yet cope with all the difficulties of unstructured
environments. Since this kind of robots have started to be recently used in tasks such as inspection or patrolling,
where the environment is confined or cluttered, the robot needs not only to retain its balance and adapt its foothold to
the slope and the roughness of the terrain but also to reject external disturbances.

A powerful tool for robust control and disturbance rejection is the momentum-based observer due to its simple
structure and high performance. This kind of observer can handle external forces acting on the robot through the
dynamic model. For this reason, a momentum-based observer for a quadruped robot is presented in this paper. Given
the inputs from a suitable motion planner, the observer’s estimation is combined with a quadratic programming (QP)
devising a whole-body controller based on the decoupling of the centroidal’s dynamics (i.e., the dynamics of the center
of mass) from the legs’ ones.
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When the robot works in a situation where the surface’s roughness represents the only external disturbance, the
assumption that these unknown forces act only on the support legs can be made. In that case, from a computational
viewpoint, it is more convenient to estimate only the external wrench acting on the center of mass [1, 2 3]. However,
the whole-body controller presented in this paper, similarly to [4], works in those situations where the assumption that
the unknown external wrench acts only on the support legs cannot be made. Hence, the disturbances may also act on
swing legs, as in severe atmosphere conditions or in cluttered spaces where it is easy to have a collision between a
moving leg and the environment. During the walking of a legged robot, it is crucial to guarantee good tracking of the
center of mass trajectory to retain the balance. When a leg is pushed or subject to a collision, there is also the need to
minimize foot drifting, which could bring a loss of balance. The controller here presented demonstrated to perform a
good tracking of both center of mass and feet position.

The paper is organized as follows. The related work and the provided contributions are presented in the next sec-
tion. The dynamic model of the quadruped is presented in Section 3] where the proposed momentum-based observer
is detailed. Instead, Sectiond]presents the whole-body controller. The platform used for the dynamic simulations, six
case studies, and a critical discussion are described in Section[5] Conclusions and future work are finally provided in
Section

2. Related Work

Research in legged robotics focuses on realizing control frameworks that could guarantee stable motions. An
open challenge regards highly dynamic gaits for biped robots, which have an inherently unstable structure. The same
instability characterizes quadruped robots when moving at least two legs (i.e., trot, pace, or gallop). For this reason,
locomotion controllers for biped robots are usually adapted for quadrupeds. A common approach for quadrupedal
locomotion control is to exploit a reduced model, representing the quadruped as a biped robot [S]] or as a cart-table.
Standard controllers, like those for a linear inverted pendulum, can be employed to exploit these reduced models [6].
Although these approximations reduce the design complexity and the computation overhead, they could limit dy-
namism. To avoid this situation, most controllers usually take into account the full dynamic of the robot.

A widely used approach, based on the full dynamic of the robot, employs operational-space control. The desired
motion is imposed for relevant points, such as the center of mass or a reference point for feet and hands. This approach
found wide application both for biped and quadruped robots [7, [8 9} [10} [11]. The framework usually exploits the
inverse dynamics imposing various priorities for different tasks. The task with higher priority always regards the
equation of motion guaranteeing dynamic consistency, while secondary tasks can track a desired motion, force, or
torque. Techniques based on null space projection or a standard constrained QP ensure that priorities are respected.

The QP methodology is often used in legged robotics, such as in [[12]], where a zero moment point (ZMP)-based
optimization problem is solved to find optimal joint torques and accelerations that guarantee the tracking of the
previously generated trajectory. Since there is no modulation of the ground reaction forces, this control was modified
in [13} [14]] to find optimal joint accelerations and contact forces, obtaining better results in terms of robustness. A
similar approach was presented in [2]] with the assumption of a quasi-static dynamic and without achieving highly
dynamic gaits. Another approach, still considering the full dynamic, is the model predictive control, which can
stabilize the robot by predicting the movements over a finite horizon. Given the nonlinearity of the legged robots
dynamic, sometimes, a nonlinear predictive optimization is used instead [15} (16} |17, [18]. All these controllers based
on whole-body dynamics decouple the motion planning from the control. There is often the possibility of online
re-planning, which contributes to coping with the roughness of the terrain and all the external disturbances.

The robustness against external disturbances has been widely investigated across the years for both quadruped and
biped robots. Most of the studies concentrated on the external forces given by the touchdown phase of the feet. This
because one of the main capabilities of a legged robot is to traverse challenging terrain. Indeed, given its irregularity,
the foot could have an anticipated impact on the ground, causing external forces acting on the system [19, 20]. A
solution to this problem is provided in [21], where an impedance control approach using contact forces is performed
to obtain references for feet. This kind of impedance controller has also been used for quadrupeds in [9], adding an
impedance estimation of external forces on swing legs.

In some cases, these disturbances are taken into account with the use of an observer. In [22], a momentum-
based observer detects the anticipated touchdown of the foot, sending this information to a framework of Kalman



Itering to increase robustness. A disturbance observer model for oating base robots using kinematic constraints on
xed contact positions, such as the supporting foot, is proposed_in [23]. In most cases, the observer's estimation is
integrated into an algorithm acting on the center of mass, and the only disturbances taken into consideration are those
applied to it [1]2[ 28, 3], assuming no external force on swing legs. For example, a nonlinear disturbance observer
is presented in [4, 24] as a virtual force sensor, and it is applied in combination with sliding control. In this case,
coupling forces between the legs and the torso of the robot are estimated. However, it is assumed that there is no
disturbance on the swing leg.

Using an observer for external wrenches acting only on the center of mass can robustify the locomotion on uneven
terrains. However, it does not prevent the robot from falling after a severe impact on the swing leg. Indeed, this
collision causes a drift of the foot from the desired motion so that the touchdown could happen far away from the
planned foothold, reducing the support polygon and unbalancing the robot. In worst cases, the swing leg may not
touch the ground or may impact against another leg, making the robot fall. For this reason, it is necessary to estimate
external forces acting on swing legs and compensate for the disturbance. An estimation of the external forces through
impedance control on swing legs has been carried out in [9]. However, such a methodology is not integrated with an
observer, and it is used only for static or quasi-static situations.

With respect to the literature review depicted above, this paper aims to estimate disturbances for both stance and
swing legs, devising a whole-body controller that, integrating such estimation, allows the execution of dynamic gaits.

2.1. Contributions

The work presented in this paper falls inside the category of whole-body controllers applied for a quadruped robot.
It consists of a suitable motion planner that is decoupled from the controller. This last is composed of a QP process
working together with an observer based on the system's momentum. As evident from the state of the art above,
the overall approach is not new within the community. Nevertheless, compared to existing approaches, the proposed
observer and how it is applied with respect to the system's dynamics create an appealing framework for improving the
robot's robustness to unknown external disturbances. In particular, the following contributions can be highlighted.

" The proposed estimator is based on the system's momentum amc diom those already employed in legged
robotics. It takes inspiration from estimators already applied in aerial robotics [25]. Such an estimator creates a
linear relationship in the Laplace domain. Compared to [25], this paper extends the estimator up to any desired
order. The eect of the chosen order on the estimation is also analysed in Section 5.

The designed framework can deal with disturbances applied both to swing and stance kEgsthi to existing
approaches mainly coping with disturbanceseting the stance legs only. Indeed, those methods compensating

for disturbances acting on the CoM can handle external forces on stance legs, but they cannot compensate for
those aecting swing ones and do not prevent foot drifting.

A method to compensate for external forces acting on swing legs, employing operational space con guration,
is presented. The paper aims to demonstrate the consequences of neglecting these disturbances, showing the
e ect on the robot's balance when planned footholds are not tracked precisely.

The above contributions are validated on an all-ankles con guration quadruped robot within a dynamic simulation
environment (see Fig. 1). A comparison with two state of the art approaches bolsters the proposed innovations.

3. Momentum-based estimator of external wrench and unmodelled dynamics

In this section, the model of a legged robot is rstly presented for control design purposes. Afterward, the proposed
momentum-based observer is introduced.

3.1. Model formulation
Legged robots are usually modelled as a free- oating base with some legs attachBchd tite frame attached to
the center of mass (CoM) of the robot (see Fig. 1). The free- oating base is usually modelled through six virtual joints
giving six degrees of freedom (DoFs) with respect to a xed world frafhe Moreover,n; 2 legs are attached to
the oating base, giving othamn additional DoFs to the structure, whare 0 is the number of joints for each leg.
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Figure 1: DogBot, the platform used for simulations: reference frames for a oating base robot are shown.

h i

LetXeom= X Yo Z T 2R3, Xcom 2 R2, andxzom 2 R® be the position, velocity, and acceleration of the frame
B's origin with respect to\V , respectively. Besides, léteom 2 R® and! c,m 2 R be the angular velocity and the
angular acceleration d@ with respect toV , respectively. The orientation & with respect toV is expressed by
the rotation matrixR, 2 S Q(3), from which it can be extracted the set of ZYX Euler anglesR®. Finally, indicate
with g 2 R™ the vector collecting the legs' joints. The dynamic model of a legged robot can be formulated in terms
of the global CoM through the transfarmation introduced in [26]. With this transformation, the inertia matrix assumes
the structureM(q) = MOC::(S) 32('25 2 R&*Nn 600 N this way, it is clear the decoupling of the centroidal term
Meom(d) 2 R® © from the one related to the ledd,(q) 2 R™ ™. To obtain a similar decoupled structure for the vector
accounting for Coriolis and centrifugal forces, the assumptions that the main body's angular motion is slow and that
the legs' mass is negligible with respect to the robot's total mass are made. As a consequence of these assumptions,
the Coriolis and ceptrifugal jerms related to the angular part of the CoM can be neglected [27, 28], obtaining the vector

h(g; )= %6 ((ST”’;) + Cr)ng , as the sum of Coriolis and centrifugal forc€(q; ) 2 R™ ©*™), and gravitational
g\ nn .
h

It
orces where = ! o} is the stacked velocity; vecton > 0 is the total mass of the robot,
f h XXom ! dom a7 2 R®M™ is the stacked velocit t 0 is the total f the robot

It
g= gg Og 2 R®, andgo 2 R3 the gravity vector; 0 andO the zero vector and matrix of proper dimensions,
respectively. The resultant model can be written as

. M(a) +h(g, )= ST + Jst(Q)T 1:gr + J(q)T fext; (1)
|

h

with S = On, 6 Inn a selection matrix; 2 R™ the joint actuatiorﬁ torquesfy: 2 R3i“SI are the ground re-
action forces, with 0< ng  ny the number of stance legds(q) = Jstcom(d) Jstj(d) 2 R3™s &M where
Jstcom(@) 2 R 8 and Jgtj(q) 2 R "™ are those Jacobians whose transpose map the ground reaction forces
into the acceleration of the CoM and the legs' joints, respectivily;2 R3" is the stacked vector containing the
resultapt force at the legs' tips accounting for unmodelled dynamics and disturbances at any point of the robot;
J@) = Jeom(@) Jj(@) 2 R &M whereJeom(d) 2 R © andJj(g) 2 R ™ are those Jacobians whose transpose
map such external forces into the acceleration of the CoM and the legs' joints, respectively. Further details about the
above matrices' expressions can be found in [3, 27, 29].

Notice that, in (1), there is a distinction between the ground reaction forces and the external forces. The former
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act only on the stance legs, while the latter accounts for thexts at the legs' tip, including the swing legs, of

the disturbances acting at any structure level. As an assumption, the external torques resulting at the legs' tip are
negligible. Besides, it can be noticed that the dynamics of the CoM are decoupled from the ones of the legs, so that
the CoM's dynamics, also called centroidal dynamics, are included in the rst six rows of (1).

3.2. Momentum-based observer

The proposed estimator can reconstruct unknown forces that may arise from several reasons such as unmodelled
or inaccurate model parameters, external pushing actions, collisions with obstacles, and so on. These uncertainties are
inevitable in the real world. It should be emphasized thatedéntly from the observers investigated in [1, 2], the one
presented in this paper considers the momentum of all the legs, regardless of whether they are stance or swing legs.
For this reason, it takes into account the lagtrows of (1), recalling that all the disturbances acting on the CoM can
be retrieved from forces acting on legs [29].

Suppressing dependencies to compact the notation, the generalized momentum of the legs from (1) can be ex-
pressed as

= Mqq; 2

Taking into account (1), the time derivative of (2) is
= ng + + ‘];—t] fgr + J}r fext: (3)

where the propertiy = Cq + CqT has been taken into consideration in the calculations [30]. fL2&tR3" be the
estimation of the vectofey, recalling that it accounts for the resultanteets at the legs' tips of the external forces
acting on the structure of the robot. The intention is to reduce therdihce between the estimated forces and the
real ones. Without loss of generality, de he= JjT f 2 R™M andFey = JjT fext 2 R™. This last represents the ect

at the joint torques of the resultant force at the legs' tips. In the sameRvespresents the estimated joint torques
corresponding to the resultant at the legs' tips. The estimator is explicitly designed to achieve a linear relationship
between the estimated external forces and the real ones in the Laplace domain

F= G(9)Fext; 4)

with s 2 C the complex Laplace variable a&{s) 2 C™ (™) 3 diagonal matrix of transfer functions. Th¢h
diagonal element dB(s) is
ko

S+¢ 15 1+ +cs+¢’

Gi(s) = (5)

polynomial, withj = 0;:::;r 1. Notice that, in principle, the Hurwitz polynomial can change among the single
Gi(s). To obtain (5) in the Laplace domain, taking into account (3), the estimator is designed in the time domain as
follows

zZ, !
1=Ky () . (F()+ (nd (6)
Z t
M=K (F()+ i1 )d; i=200n (7
0
whereF = |, K; 2 RE*) (6+m) gre positive de nite gain matrices, with= 1;::::r, and
( )=ng+ +Jltjfgr; (8)

In practical implementation, integrals in (6) and (7) are discretized, Viild is referred to the estimation obtained
at the previous time step.

the coe cientsc; in (5), withj = 0;:::;r 1, and itis assumed tha{0) = ;(0) = 0, withi = 1; ;r, meaning that
the estimator's kick o should be prior to the robot control.
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Figure 2: Conceptual block scheme of the devised whole-body controller.

Having in mind (1) and (3), the estimator's dynamics in the time domain can be written in the following compact

form .
X 1 oY
KigF" = KiFex 9)
i=0 j=r 1

i=
Q r+1
=r

whereF® = | | is thei-th time derivative of the®, with F© = F and "1 K; = In,, with | the identity matrix
of proper dimensions. Notice that the estimation of the external forces at the legs' tips can be retrieved through
f=JrFL

Trjle guantities needed to estimate the external force are highlighted in (8). In particular, the proposed estimator
needs the knowledge of the joint positiap and velocityg; the legs' input torques,; and the ground reaction forces,
fgr. The joint position and velocity can be easily obtained from the motors' encoder. The computation of the input
torque will be instead described in Section 4. Finally, the ground reaction forces can be obtained by embedded sensors
on robot's feet.

4. Controller

The estimator presented above, a motion planner, and an optimization problem shape the designed whole-body
controller. The motion planner is thus separated from the control problem. The employed framework is conceptually
depicted in Fig. 2. The motion is continuously replanned based on the current robot's state, following a desired
trajectory. A foot scheduler is used to switch the stance and swing legs according to the desired gait [13]. Afterward,
the motion planner and the quadratic problem are described.

4.1. Motion planning h )
i
The motion is continuously replanned so that the ZMR, = X, Y, 2z T 2 R3 expressed iW , is always
maintained inside the supporF1 polygoni [13]. From now on, the position an%the orient§tion of the CoM will be
ﬁombined iinto the vectar, = Xl T T 2 RS, with its time derivatives = Xom ! IomT 2 RS andr; =
Xom ! Iom 2 RE. For each footstep, the motion is split into two phases, replanning the desired trajectory for the
CoM at the beginning of each footstep, with a perigd.

1The pseudo-inversion is indicated for the general case, in which ad-hoc solutions can be employed [4, 22, 31, 32]. For the quadruped adopted
in this paper, the matri¥; 2 R12 12j5 squared. Singularities are avoided by the gait generator (see Section 5.1)



4.1.1. Stance phase

All the legs are in the stance condition, ensuring an intrinsic balance. Therefore, the reference of the CoM,
reret 2 R® can be computed as a 3-rd order spline that brings it at the center of the support polygon with the desired
orientation [14].

4.1.2. Swing phase

At least one leg is swinging. The motion could be quasi-static if only one leg is moving, or highly dynamic if
two legs are swinging and the support polygon degenerates into a line. During this phase, both the references for the
CoM and the swing feet need to be planned. The referagggs 2 R3™ ™ for the swing feet is computed using
two splines: the former to lift the foot, the latter to lower it. Considering > O the duration of the swing phase,
each spline lasts:BT,, [33]. The linear reference of the CoM is instead computed solving an optimization problem,
having as variables the coeients of a third-order spline for each coordinate of the CoM [13]. The problem penalizes
the deviation from a regularized papkt) 2 R®, expressed itV , approximated as a sequence of splines, such that:

~ the initial statep(0), p(0) andp(0) coincides withx.omr(0), Xcom(0), andXom(0), respectively;

~ the positionp(t), wherets > 0 is the nal time, is set to be at the center of the planned support polygon, while
p(t¢) andp(t¢) are zero, so that the robot can stop and stand up at the end of the support polygon sequence.

An important constraint during this phase regards the ZMP, that can be written in function of the CoM as following

ket — (10)

Zye — (11)

Ve g Y m

h it
with g, > O the gravity acceleration and = Ly Ly, L, 2 R®the angular momentum at the CoM. In the

following, it will be assumed. = 0, since there is no optimization for rotations within the trajectory computation.
Considering (10) and (11), the ZMP can be limited inside the support polygon adding a constraint for each of its
edges [13]. The angular reference of the CoM is computed as a 3-rd order spline, bringing the robot to the desired
orientation.

4.2. Quadratic problem
The optimization problem presented in this paper is Wrench-baseﬁd, and emplcl)ys the centroidal dynamics only, that

2.
is the rst six rows of (1). The chosen vector of control variables is ] @' ngr 2 R&*"M*3%s The problem
described in the following has the form

minimize f() (12)
subjectto A =b; (13)
D ¢ (14)

The detail for each term of the above minimization problem is detailed in the following.

4.2.1. Cost function
The cost function aims at tracking the CoM's reference coming from the motion planner, reducing as much as
possible the control eort. To this aim, it is useful to consider the rst six equations of (1)

Mcom(@) + M@ = Weom = Jst;com(q)T fgr + Jcom(Q)T foxt (15)

wherewgom 2 R® is the wrench at the robot's CoM including inertial and gravity terms. Using the referegges
Feref, aNdreres from the motion planner, the desired wremelymdes 2 R® can be written as

Weomdes = Kp(rc;ref re) + Kd(rc;ref re) + mg+ Mcom(Q)i;c;ref; (16)
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with Kp; Kg 2 R®  positive de nite matrices.

Recalling thatf is the estimated force vector from the observer presented in Section 3, this can be split into
fe 2 R, the estimated forces regarding the support legs, fap@® R3™ ") the estimated forces regarding the
swing legs. The cost function minimizing the desired wrench and compensating for the support legs' disturbance is

f()= ‘];rtcom + ‘]-srtcomfASt Weomdes Q + R’ (17)

with 2 R8st (6+M+3ns) 5 matrix selecting the lash3 elements of , Q 2 R® 8 andR 2 RE*M*3ns) (B+nn+3ns)
symmetric and positive de nite matrices that can be used to specify the relative weight between the components of
the cost function, an k the quadratic form with proper matrix.

4.2.2. Equality constraints

Two equality constraints need to be imposed. The rst one is the equation of the motion and it constraints the
control variables to be consistent with the oating base dynamic in the absence, or perfectly compensated, external
disturbances. Such a dynamic regards the rst six rows of (1) as follows

h i
Mcom(@) O nn Jstcom(Q)T = mg (18)

The second equality constraint guarantees that the contact of the supporting feet is maintained. This holds by imposing
their velocity equal to zero adcom(0)rc + Js;j(A)q = Osn,, Whose time derivative is

Jstcom(@)ic + Istcom(T; Are + Jstj (A + Istj (05 A)G = Osng: (19)
In terms of control variables the above constraint becomes

h i

Jstcom Jstj  Osng ang = Jstcom(@ Qe JIstj (0 AN (20)

Collecting (18) and (20), the terms in (13) are

#
A= Meor(@  Os nn  Jstcom(@)” .
Jstcom(@)  Jstj(@)  Osng 30y

and " #
mg

Jstcom(Cl; Ore + Jstj(q; aq -’

(21)

(22)

4.2.3. Inequality constraints

Ground reaction forces need to be constrained inside a friction cone to avoid slipping. For control design purposes,
the friction cone is approximated as a pyramid to obtain linear constraints in the optimization problem. Considering
the i-th ground reaction forcéy.; 2 RS, with i = 1;:::;ng, and indicating withn; 2 R® the i-th normal vector,
[1512 2 RS two tangential vectors related to th¢h contact with the ground, and> 0 the friction coe cient, the
contact constraints can be written as follows [12]

(W) fyr
(Il;i + ﬁI)T fgr;i
(|2:i ﬁI)T fgr;i
(IZ;i + ﬁI)T 1:gr;i

(23)

© o0 o9

Moreover, for mechanical and safety reasons, joint torques need always to be limited. Bgingax 2 R™
the minimum and maximum reachable torques, respectively, considering the part of (1) regarding robot's legs, the
constraints about limited torques can be expressed as follows
-

mn Ca@VA Mo@  Ja@7 (e Colava (24)
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The last addressed constraint allows the robot to follow the trajectory planned for the swing feet. This constraint
exploits the estimation of external forces from the observer acting on swing legs. These disturbances can heavily
a ect the respective foot's motion, so it is necessary to compensate for them. For this purpose, operational space
formulation for swing feet is now employed. Having (1) in mind, the contact constralffig can be eliminated
using an orthogonal projection opera@R R 6™ sych thaPJl, = 0, P = P?, andP = PT [8, 34]. Although
di erent valid choice can be used fBr[35, 36], the matrixP in this paper has been chosen as in [34], that is
P=lenn J%Jdst. Pre-multiplying both sides of (1) by yields

PM +h =PS" +PJ] fswext (25)

It is worth noticing that, sinc®JJ; = 0, the only remaining term related to external forced[jsfsyex, Which regards
the swing legs. Following [34], equation (25) can be transformed into

Mc +Ph C =PST +PJ, fowex: (26)

whereM; = PM + lginy P andC = JfJs. As discussed in [34]M, is always invertible, provided tha is
invertible. Letxg, 2 R3™ ") be the the position of the swing feet. The following relations hold

Xsw = Jsw (27)
Xsw= Jsw + Jsw: (28)

Pre-multiplying both sides of (26) bswM. ! and substituting (28) into (26), the following operational space con g-
uration for the swing legs can be recovered

%sw Jsw +JswMct Ph C = I M IPST + JoyM P IL, fswext (29)
The command acceleration for the swing fegi: 2 R3™ ) can be chosen as

Xswe = Xswdest Kd:sw(Xswdes  Xsw) Kp;sm(xsw,des Xsw); (30)

with Kpsw; Ka:sw 2 R3M ns) 30 ns) positive de nite matrices. To compensate for disturbances, the term related to
external forces on swing legs in (29) must be taken into account. Therefore, the command acceleration needs to
become .

Xswemd = Xswe szMclPJ;rwfsw: (31)

To follow the trajectory, the following equality constraint should be imposed, replacing (31) into (28)
Xswemd = Jsweom(@) e + Jsweom(D Qe + Jswij ()G + Jswj(Q; AO: (32)

The constraint is softened by adding slack variables R3™ ") within the optimization problem. The addressed
inequality constraint is thus chosen as [3]

Xswemd Jsweom(A)ic + Jsweom(ds Drc + Jswj(A)F + Jowj (G AT Kswema+ (33)
Therefore, collecting (23), (24), and (33), the terms in (14) are
O4nst 6 C)4nst nn Dtr
Onn 6 Mq(q) J-Srt]_
D=HOms My I, % (34)
sz,com sz,j 03(n| Nst) 3Nst
Jswcom szj 03(n| Nsy) 3Nst
O4nsl
max  Cq(G; )
c= (min Cq(g; )a) ; (35)

Xswemd+  Jsweom(T e Jswj (0 A)g
Xswemd+  + Jsweom(Q A)rc + Jswj(T; O)Q

whereDy, 2 Rt 3"t js a diagonal matrix containing the friction cone constraints expressed in (23) for each stance
leg [3].



4.2.4. Control torques

h iT
The result of the optimization problem is the desired vector 2T 7 fg?rT . The control torques can be
computed using the second part of (1), considering that all the external forces have been compensated for inside the
guadratic problem

= Mg(@& + Cq(a;V)a  Jstj (@) it (36)

5. Case studies

In the following, the setup used to test the case studies is presented. An analysis regarding the estimator's order is
performed and ve case studies are analysed. It will be highlighted how the momentum-based observer presented in
this work and integrated into the described whole-body controller allows for achieving better results than two solutions
available within the state of the art. The multimedia attachment shows the results of the addressed case studies.

5.1. Setup

Simulations have been carried out through the ROS middleware, in combination with the dynamic simulator
Gazebo This choice has been made since Gazebo uses a high-performance physics engine to make the movement
and external conditions as realistic as possible. The quadruped used for simulations in Gazebo is DogBot from React
Robotics, an open-source platform. The structure of the robot is shown in Fig. 1. It presents three actuated revolute
joints for each leg: the rst one connects the body with the leg, and its axis is parallel to the longitudinal axis of the
body, realizing all the lateral movement; the second and the third ones allow the lifttbe foot from the ground
and coincide with the hip and the knee, respectively, and their axis are both normal to the plane of the leg. Then, for
this robot,n, = 4 andn = 3. DogBot's con guration has all the legs pointing backward so that the pusmpulse is
facilitated, while fast motions are easy to realize. It weighs 21 kg, the mass is mainly concentrated in the body, which
has a weight of 12 , while each leg is 2 kg. Both the upper and the lower segments of each leg have a length of around
0:3 m.

All the simulations were performed on a standard personal computer. The references for the CoM and the swing
feet were generated usifigwr [37], a C++ library for trajectory optimization for legged robots. A xed planned
step's height for the swing feet has been set:@ib0n, and the maximum step length is chosen to avoid a complete
stretching or retraction of the legs: at the planning level, this avoids singularitlgsBesides, these references were
replanned at the beginning of each footstep, with a pefipd= 0:26 s. The quadratic problem was solved using
the C++ library ALGLIB. All the simulations have been tested with crawl and trot gaits. The results here reported
regards the trot gait only. Since this gait is dynamic, it can be considered a signi cant testbed to check the proposed
whole-body control's performance.

The gains for the desired wrench in (16) have been experimentally tukgaliag(250 250 250, 250, 250, 250)
andKy = diag(5Q50; 50;50; 50; 50). The gains for the command acceleration for swing feet in (30) have been ex-
perimentally tuned td<g;sw = 10003y n, and Kpsw = 25l3, ny,. The gains for the optimization have been set as
Q = diag(100100 100,100 100, 100),R = lg+nn+ang, While = 1:0, min= 60 Nm, and max = 60 Nm. The stance
phase has been chosen to ladti0s, while the swing phase lastd 05 s. Numerical integration for dynamics is set
in Gazebo as t = 0:001 s.The torque control loop, the state estimation and the momentum-based observation have
a frequency of 1 kHz, while the optimization problem runs at a frequency of 400 Hz. The various operations of the
control scheme are applied sequentially.

In order to test the whole-body control design, six case studies have been considered. A sinusoidal disturbance
with an amplitude of 20 N has been applied on the front left knee within the rst case study. In the second case study,
the same sinusoidal disturbance has been applied to carry out a comparison against two state-of-the-art solutions. In
the third case study, instead, a disturbance of 80 N has been applied for a small portion of2is)eprothe front
right knee during his swing phase, simulating a sudden impact. In the fourth case study, a random disturbance is
injected every two seconds on a randomly chosen leg. The force is appliedeatti points of the limb to show
the e ectiveness of the approach. This situation is repeated in the fth case study, where this random disturbance
is combined with parametric uncertainties in the model known by the controller. Finally, the robot is tested on an
irregular terrain. In all these cases, the norm is Euclidean.
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Figure 3: Analysis on the order of the estimator. (a) Estimation's error for rst (blue) and second (orange) order. (b) Estimation's error for second
(blue), third (green), fourth (yellow) and fth (violet) order.

Although the estimated vector accounts for thee&s at the legs' tips of external forces acting at any point of the
robot (information that is unknown by the controller), the plots presented in the following show the estimated force
vector reported back to the application point of the disturbance. This is obtained aftex post-processing of the
results.

5.2. Analysis on the order of the estimator

A series of simulations have been done to choose the estimator's order, considering a constant external force. The
estimation's error for dierent orders is reported in Fig. 3. In Fig. 3a, a comparison has been made between rst-order
and second-order estimators. It can be noticed that the former presents a higher overshoot of the error. Results for the
next orders are shown in Fig. 3b. From the third-order, it is not possible to appreciate any signi cant improvement.
Anyway, the overshoot of the error is higher for the fourth and second order. For this reason, the best choices are the
third and fth orders. In this paper, as a result of the analysis carried out, the deggaet to 3, while coe cients
K1, Kz andK3 have been chosen as:%14,, 6:28l1, and 225115, respectively, in a trade-obetween desired results
and the computational time leading to delays.

5.3. Case Study 1

The rst case study has been carried out by considering a sinusoidal disturbance along the x-axis, with an ampli-
tude of 20 N and a perio@ = 2 s, on the front left knee during all the simulation. This choice is made to see the
e ect of time-varying disturbances on a leg during both the stance and the swing phase. In this case study, the robot is
guided to follow a trajectory of:5 m composed of alternating sequences of rectilinear and curvilinear motions. The
forward velocity is 012 m's and, during curvilinear motions, the angular velocity:@E0rads.

A simulation of this case study without counterbalancing for disturbances on the swing legs is performed and
presented in the multimedia attachment to stress the importance of having such compensation. It could be observed
that, although the robot can retain the balance for a while, the drift of the perturbed leg's foot is evident. It brings
the robot to fall after 1B s. Fig. 4 shows in detail this situation with a series of pictures of salient instants of the
movement.

Using the proposed framework, this situation can be avoided. The norm of CoM error for a portion of the path
is shown in Fig. 5. It can be noticed that, although the error is at m04t @, some peaks can be noticed: these
are produced during the swing phase regarding the front leg subject to the external disturbance. In general, the CoM
error components have sinusoidal trend. This is given by the continuous change of support legs, so the motion of the

11



@

Figure 4: Case Study 1. In this simulation, external forces on swing legs are not compensated. These pictures show instants when the disturbance
is around its peaks. The yellow arrow indicates the application point and direction of the force. The green circle represents the planned foothold,
the drift of the foot is evident. At 1B s, the robot loses its balance.

Figure 5: Case Study 1. Error norm of the robot's CoM using the proposed whole-body controller.

CoM is replanned to reach the center of the current support polygon. During the swing phase, the support line has
been enlarged to a rectangle to soften the constraint about the ZMP. The disturbance reconstructed by the observer is
depicted in Fig. 6. Small uncertainties can be noticed, probably given by some parametric inaccuracies in the model.

Fig. 7 shows the norm of the error between the ground reaction forces computed by the QP (12)-(14) and the ones
measured by some sensors put under the feet within the Gazebo environment. The time history is referred to the front
left leg so as to prove the framework's ectiveness in tracking the ground reaction forces. The average of such error
remains under 5 N, which is an improvement with respect to existing works [2].
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Figure 6: Case Study 1. Estimation of the disturbance through the proposed momentum-based observer. In blue the estimated force, in orange the
actual force.

Figure 7: Case Study 1. Error norm of the ground reaction forces for front left leg, using the proposed whole-body controller.

5.4. Case Study 2

A comparison with state-of-the-art observers is how accomplished to validate the envisaged whole-body con-
troller's performance further. Both the trajectory and the external disturbance are the ones considered in case study 1.
The observers chosen for comparison are picked up from [2] and [24]. The former is a rst-order momentum observer
that considers only the external wrench of the CoM and can deal with disturbance applied to the stance legs only. This
is reasonable in those cases where the only source of errors comes from the unknown terrain. This observer employs
the rst six rows from (1). The latter observer is a nonlinear disturbance observer taking into account the four legs'
dynamics, but it is not based on the system's momentum. To the best of authors' capabilities, the gains for the rst
observer were chosen &g, = 25|13 andGang = 1013 [2], while for the second observer the the gain matrix was set as
X = 10I1,. The gains of the optimization problem remain unchanged.

The norm of the CoM errors of the three considered observers is compared in Fig. 8. It can be noticed that
observer from [2] and the one from [24] have similar CoM error norm. Nevertheless, the former is not able to follow
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Figure 8: Case Study 2. Comparison between several control techniques. The plot show the error norm of the robot's CoM for each of the
considered observer. From left to right: the results obtained with the proposed controller; the results obtained using [2]; the results obtained
through [24].

Figure 9: Case Study 2. Comparison between several control techniques. The plot shows the error norm of the front left foot position for each of
the considered observer. From left to right: the results obtained with the proposed controller; the results obtained using [2]; the results obtained
through [24].

the full trajectory. Indeed, as can be seen in the video & g2the robot loses its balance. An explanation of this
imbalance can be found in Fig. 9, where the error norm of the front left foot position is represented. It can be seen
that the highest error norm of the foot position is obtained using the observer proposed in [2]. As it was already said,
this is the only observer, here tested, that considers only the external wrench of the CoM. Using this observer, the
disturbance on the leg causes a signi cant drift of the foot during the swing phase, which, although the CoM error
remains small, brings to the loss of balance. It is highlighted once again the importance of considering leg dynamics
and compensating for external forces on all the legs. Given the authors' ability to implement and tune the addressed
state-of-the-art observers, the proposed observer seems to outperform the others thanks to explicitly addressing the
errors on the swing legs. This is evident since the error norm on the robot's CoM is less@fian @nd the error

norm of the foot position subject to the disturbance is always less toami

5.5. Case Study 3

Within the third case study, a brief but severe disturbance is applied along the x-axis on the front right knee during
its swing phase. The planned trajectory is a rectilinear path and the forward velocit® is¥8. The disturbance has
a magnitude of 80 N, it lasts for®s, and it is injected at:2 s from the planned trajectory's start. The instant of the
injection has been chosen so that it goes to apply on the leg during its swing phase, demonstrating that the control
framework can handle unexpected impulsive disturbances.
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Figure 10: Case Study 3: Error norm of the front right foot position using the proposed whole-body controller.

Figure 11: Case Study 3: Estimation of the disturbance through the proposed momentum-based observer. In blue the estimated force, in orange the
actual force.

This time, only the results regarding the whole-body control here introduced will be shown, since the two state-of-
art observers considered above cannot deal with such a signi cant disturbance (see the multimedia attachment), which
resembles an impulsive behavior, like a pushing action. It can be seen that such a disturbance causes a considerable
drift of the front right foot while it is swinging, unbalancing the robot.

The controller here presented can instead cope with such a disturbance by minimizing the leg's drift and recovering
the given trajectory in the next footsteps. This can be appreciated in Fig. 10, where the foot position's error is shown.
The highest peak coincides with the application of the disturbance. Fig. 11 shows the estimation of the external force,
while in Fig. 12 the CoM's error norm can be observed. In this case, there are two peaks: the rst one is caused by
the external force, while the second coincides with the recovery footstep, a phase in which the support polygon is not
optimal given the former drift of the foot subject to the disturbance. However, the CoM's error is still less@tian,0
guaranteeing the recovery of the balance after the impact.

This third case study demonstrates that the designed architectureastively estimate a large disturbance, also

15



Figure 12: Case Study 3: Error norm of the robot's CoM using the proposed whole-body controller.

if it happens on a leg during its swing phase. In this way, the legged robot can work in various scenarios: for instance,

in severe atmosphere conditions or during collisions with the environment during the swinging. The disturbance's
magnitude has been chosen so large on purpose to bolster the performance of the envisaged observer that can cope
with a broader range of disturbances than other state-of-art observers, which can handle only small external forces
acting on swing legs.

5.6. Case Study 4

The fourth case study has been carried out considering a random disturbance. Every two seconds, the force's
magnitude changes randomly between 10 N and 35 N. Moreover, both the leg subject to the perturbation and the height
of the application point change too. The direction of the disturbance forces is shown in the multimedia attachment.

In this case study, the robot is guided to follow a trajectory :@frf8 composed of alternating sequences of recti-
linear and curvilinear motions. The forward velocity i4 ® /s and, during curvilinear motions, the angular velocity
is 0:05 rads.

This case has been tested only using the whole-body controller proposed. This case study aims to demonstrate
the validity of the proposed method for a wide range of disturbances. The approach results robust against a random
perturbation and also against an unexpected variation of the application point. The location of the external force is
chosen along all the length of the legs. It could be from the top (so it can be considered a disturbance on the torso) to
the bottom (at the foot). In this way, the observer helps with general disturbance rejection where external forces can
be applied anywhere on the robot.

In Fig. 15a the plot about the error norm of the CoM is reported. It can be observed that the peaks of error are
always around @1 m. Nevertheless, in previous cases has been highlighted the importance of foot position error,
that can cause a loss of balance even if the CoM error is small. For this reason, in Fig. 13, the disturbances for each
leg are represented on the right. On the left, the norm errors of the respective foot can be observed, so that it can be
noticed that the highest peaks correspond to the application of the external force on the leg. In particular, it can be
observed that the error is always undeéd3b m except for cases when the start of disturbance application coincides
with the beginning of the swing phase. This situation veri es for the front left foot at 10 s and the rear right foot at
26 s. In these instants, the unexpected and instantaneous disturbance is applied to the leg while its fodhdifts o
ground. Since this external force is not compensated, the foot is subject to an initial drift higher than usual. Anyway,
the observer demonstrates to estimate the disturbance in a short time so that the balance can be retained.

Until now, all the cases have been simulated in an ideal situation. In a real situation, some sensor noise could in-

uence the estimation of the observer, adding uncertainty. For this reason, this case has also been tested in a non-ideal
condition, adding a white Gaussian noise on both the joint torque and the ground reaction forces measurements with
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a standard deviation of 10% of the measured signal. This situation has been tested to analyze further the robustness
of the controller. In Fig. 14 the plot about the disturbance estimation for each leg is reported alongside the norm error
of the respective foot. In this case, it can be noticed that the presence of noise inevitably leads to a noisy estimation.
However, the controller can still guarantee an optimal tracking of the feet position. Its error is h@&Bw Oexcept

for cases when the disturbance application coincides with the swing phase's beginning. Also, good tracking of the
CoM is performed, as can be observed in Fig. 15b, where the peaks of error are always leskltham O

5.7. Case Study 5

The fth case study considers the same random disturbance of the fouth case study. Now, to add a parametric
uncertainty, the total mass known by the controller is changed by 30%.

While the goal of case study 4 was to demonstrate the validity of the approach for external forces applied at
di erent points, this case study aims to extend the range of disturbances considering parametric uncertainties in the
model.

As in the previous case, the disturbances for each leg and the respective foot's norm errors are represented in
Fig. 16. It is worth noticing that, this time, the estimated force has aebdue to the parametric error, which is
seen as a disturbance even when there is no physical force applied to the robot. This can be appreciated in Fig. 16g:
no perturbation is acting on the rear right leg, but the estimation is never equal to zero. The norm error of the feet
position is always less than@B5 m, guaranteeing a precise tracking of the support polygon desired. As highlighted
in the previous case, some peaks of the error happen when the beginning of the swing phase and the disturbance's
application coincide. In Fig. 17 the plot about the error norm of the CoM is reported. It can be observed that the peaks
of error are now higher, but always less tha@1® m. This small increment of the error can be considered the result
of the parametric uncertainty, which can still be handled.

5.8. Case Study 6

The sixth case study focuses on the capability of the whole-body controller to work on irregular terrain. For this
purpose, some blocks with dérent heights have been added to the environment to reproduce the terrain's irregulari-
ties, as itis shown in Fig. 18. Moreover, all the blocks haveedént friction coe cients to simulate various kinds of
soils. With reference to the gure, the heights of the blocks add® m for blue blocks, 04 m for green blocks, and
0:02 m for red blocks. Instead, the friction coeients are ! for blue blocks, @ for green blocks, 8 for red blocks,
and 1 for the ground. These friction coeients have been chosen after giient simulations, which demonstrated the
approach could not guarantee good performance for cants lower than @. For smaller coe cients, it is possible
to retain the balance, but there is a foot slipping after the impact phase. The frictiogieo¢inside the whole-body
controller has been chosen, in a conservative way;&asThis is crucial to improve robustness so that the controller
can step over dierent soils without slipping, maintaining the ground reaction forces inside the friction cone. In this
case, the path is rectilinear and the forward velocity. 1201s.

The results of this case study demonstrate the capability of the proposed approach to reject disturbances given by
an irregular terrain. In particular, these external forces are given by the anticipated touchdown causextdny di
heights of the soil. Indeed, the reference foothold is planned for a at ground, and the unexpeetethcé in the
height causes an asymmetric gait, unbalancing the robot. This concept can be appreciated in Fig. 19, where the foot's
norm error for each leg is shown. It can be noticed thatedgntly from other cases, the are some intervals where
the foot's norm error never goes to zero despite the re-planning (e.g., from istadD s tot, = 20 s in Fig. 19a).
Comparing the gure with the video shows that these intervals coincide with the stepping of the respective foot on
one of the blocks. During these phases, the block's height constitutes a continuous disturbance since the reference
foothold is planned for a at ground. Observing the gure, it could be noticed that the height efetit blocks can be
retrieved from the position error. It should also be noticed that the heights of the blocks have been chosen considering
the planned step's height. In the case of a high block, there would be the need for a strategy for recognition of the
height and a consequent adjustment of the gait. However, this is out of the scope of this paper. In Fig. 20, it can be
observed that the controller, despite the irregularities, guarantees a good tracking of the CoM position, with an error
always less than:01 m. In the multimedia attachment, some instants are highlighted when a foot impact the edge of
a block or slide down between two blocks. Nevertheless, in all these cases, the balance is retained, demonstrating the
robustness of the controller.
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6. Conclusion and future work

In this work, a momentum-based observer was proposed for a quadruped robot. Such an observer is integrated
into a whole-body controller, which compensates for external forces acting on both stance and swing legs. The
operational space con guration for swing feet was employed to compensate for disturbaeciagswing legs.

The observer was tested against two state-of-art observers, demonstrating satisfactory performance in reacting to time-
varying external forces. Indeed, it appears to reduce the error to the planned robot's CoM and improve the stability,
even if the swing leg is aected by large and impulsive external unpredicted forces. The proposed approach was
also tested with random forces, demonstrating its robustness against both an unexpected variation of the application
point and parametric uncertainties. The controller resulted in being robust against noisy measurement and on irregular
terrain.

The controller allows the locomotion of a legged robot inside an unstructured environment where a collision could
happen. Indeed, if a swing leg impacts an object, it is possible to have a wide drift of the foot. It causes a reduction
of the support polygon, unbalancing the robot. The controller presented compensate directly for those disturbances
acting on the moving legs, minimizing the drift. Beyond the presence of obstacles, the controller guarantees good
performance when irregularities in the terrain cause the disturbance. Nevertheless, the approach cannot handle obsta-
cles higher than the planned step. In this case, there would be the need to recognize the height and adjust the gait to
overcome the obstacle. Although this approach can prevent the sliding of feet for a wide range of surfaces, it can not
avoid sliding for grounds with a friction coecient of less than@. On these surfaces, a sliding after the impact phase
happens, leading the robot to fall.

In the future, this observer might be used within legged manipulation scenarios, where the legged robot is equipped
with a manipulator's arm. In this case, the observer would allow decoupling the manipulation task from locomotion.
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Figure 13: Case Study 4-ldeal situation. (a),(c),(e),(g) Estimation of the disturbance on the four legs, in blue the estimated force, in orange the
actual force. (b),(d),(f),(h) Error norm of respective feet. 20
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Figure 14: Case Study 4-White Gaussian noise added on the joint torque measurement. (a),(c),(e),(g) Estimation of the disturbance on the four
legs, in blue the estimated force, in orange the actual force. (b),(dz(]‘_),(h) Error norm of respective feet.
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Figure 15: Case Study 4: Error norm of the robot's CoM using the proposed whole-body controller. (a) Ideal situation. (b) White Gaussian noise
added on the joint torque measurement.
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